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Abstract 

Let X be an infinite compact metric space with finite covering dimension. Let a, /3 : 
X X he two minimal homeomorphisms. Suppose that the range of A'o-groups of both 
crossed products are dense in the space of real afiine continuous functions. We show that 
a and /3 are approximately conjugate uniformly in measure if and only if they have affine 
homeomorphic invariant probability measure spaces. 

1 Introduction 

Let X be a compact metric space and let a, P : X ^ X he two minimal homeomorphisms. 
If X has infinitely many points, then the associated crossed product C*-algebras C{X) Xq Z 
and C(X) xpZ are unital separable simple C*-algebras. It was proved by J. Tomiyama (\21\) 
that a and (3 are conjugate if there is a *-isomorphism (p from C{X) Xq, Z onto C{X) Z 
which maps C{X) onto C{X). On the other hand, T. Giordano, I. Putnam and C. Skau (|3|) 
showed that two minimal Cantor systems are topological orbit equivalent if and only if the 
tracial range of Kq{C{X) »a Z) is unital order isomorphic to that of Kq{C{X) x^ Z). Both 
results show the strong connection between C*-algebra theory and minimal dynamical systems. 
There are also many other studies on the interplay between C*-algebra theory and minimal 
dynamical systems. With the development of classification of simple amenable C*-algebras 
(example, |2] and see also [S]), one hopes that there will be further applications of C*-algebra 
theory to the minimal dynamical systems as well as the application of theory of topological 
dynamics to the C*-algebra theory. We believe that iiT-theory or tracial information of the 
crossed products may play more interesting roles in the study of minimal dynamics than 
what we currently know. Conjugacy in minimal dynamical systems is certainly a very strong 
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relation. Orbit equivalence studied in ^ is much weaker than conjugacy in general. However 
for connected spaces orbit equivalence often implies the conjugacy. Approximate conjugacy in 
minimal dynamical systems have been introduced and studied recently (see QUI; dli d] 
and ^]) which are closely related to the classification of amenable simple C*-algebras. In this 
paper, we study a much weaker equivalence relation, namely, uniform approximate conjugacy 
in measure. 

Roughly speaking, two minimal homeomorphisms a and /3 are approximately conjugate 
uniformly in measure if there exists a sequence of Borel isomorphisms '■ X ^ X such 
that 7~^a7„ converges to f3 and 7n/37^^ converges to a in measure uniformly on the set of 
/3-invariant measures and the set of a-invariant measures, respectively. We also require that 
{in} eventually preserves measures in a suitable sense. Moreover, {7„} and {7,7 '^l should be 
continuous on some (eventually dense) open subsets of X. The precise definition is given in 

One should not expect that {7n} converges in any reasonable sense in general. So it is 
important that maps jn have certain consistency. Since homeomorphisms do not preserve 
measures, it is crucial to know, among other things, that fj.{-f„iE)) 0, or v{-/-^{E)) 
for any open sets E and 7„(i?), or /3-invariant measure, respectively. Therefore it should be 
regarded as a crucial part of the definition that 7„ as well as 7"^ preserve measures in certain 
sense. 

Let Aa — C{X) XI „ Z and Afj — C{X) xi^ Z. Denote by and the compact convex 
sets of a-invariant probability Borel measures and /3-invariant probability Borel measures, 
respectively. Under the assumption that p{Kf){Aa)) is dense in Aff{T{Aa)) and p{Ko{{Ap))) 
is dense in Af f(T{Afs)) (see 12 . II (4) . 12 . 51 and 12 .61 below) . we prove that if Ta and are affine 
homeomorphic, then a and /3 are approximately conjugate uniformly in measure (see Theorem 
15.61 below). If both Ta and T/j have only finitely many extremal points, this condition simply 
says that Ta and have the same number of extremal points. So this condition requires 
little. Therefore, one should not regard uniform approximate conjugacy in measure as a 
strong relation. To the contrary, we would like to emphasis that two minimal homeomorphisms 
could be easily approximately conjugate uniformly in measure. In particular, if both a and 
/3 are uniquely ergodic, then they are always approximately conjugate uniformly in measure. 
However, we would also like to point out that the cases that are most interesting here are the 
cases that a and f3 have rich invariant measures. Given an affine homeomorphism r : Ta Tp, 
Theorem 15.61 savs that r can be induced by a sequence of Borel equivalences {7„} of X for 
which 7,j'^Q!7„ converges to /3 and 7n/?7^^ converges to a in measure uniformly ( not just for 
each p ^ Ta and v G T/3). 

In a subsequent paper, we will discuss a much stronger measure theoretical version of 
approximate conjugacy which is closely related to the Giordano-Putnam-Skau orbit equivalence 
for Cantor minimal systems. 

The paper is organized as follows. Section 2 lists a number of notation and facts used 
in this paper. Section 3 gives a versions of uniform Rohlin property for dynamical systems 
with mean dimension zero. Section 4 contains a number of technical lemmas which will be 
used in the proof of the main result of the paper. Section 5 discusses the notion of uniform 
approximate conjugacy in measure and present the proof of the main result fTheorem I5.6fl . 
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Finally, section 6 gives a few concluding remarks. 
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2 Preliminaries 



2.1. (1) If fc is a positive integer, Mk is the full matrix algebra over C. Denote by Tr the 
standard trace on Mf. and tr the normalized trace on M^. 

(2) Let A be a C*-algcbra. Denote by T{A) the tracial state space of A. If A is stably 
finite, T{A) ^ 0. It r e T{A), wo will also use r for r ® Tr on Mk{A), i = 1, 2, .... 

(3) Let Aff{T{A)) be the space of all real afhne continuous functions on T{A). Let a G 
As a.- Denote by a the real affine continuous function defined by d(T) = r(a) for r G T{A). 

(4) Denote by pA '■ ^'^o(^) /(^{A)) the order homomorphism induced by p for 
projections p G Mk{A), k = 1,2, .... We often use p if the C*-algebra A is understood. 

2.2. (5) Let X be a compact metric space. We say X has finite dimension if X has finite 
covering dimension. 

(6) Let h : C{X) A he a contractive positive linear map. Suppose that f is a positive 
linear functional of A. Then toh gives a positive linear functional of C{X). We will use ptoh 
for the positive Borel measure on X induced by the positive linear functional toh. 

2.3. (7) Let X be a compact metric space and a : X ^ X he a homeomorphism. Recall that 
a is minimal if a has no proper a-invariant closed subset, or, equivalently, for each x € X, 
{a^{x) : n = 0, 1, 2, ...} is dense in X. 

(8) Let A be a compact metric space and x € X. The point x is said to be a condensed 
point if every open neighborhood of x contains uncountably many points of X. 

(9) If A has infinitely many points and a is minimal, then the cross product C(A) xIq- Z is 
a unital simple C*-algcbra. We will use Aa for C{X) Xq Z. 

In this case, X has no isolated points and every point of A is condensed. 

(10) Denote by ja ■ C{X) — > A^ the usual embedding. Denote by Ua the implementing 
unitary in Aa such that 

KJa{f)ua = jaif ° for all / € C(A). 
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(11) Denote by Ta the space of all a-invariant probability Borel measures on X. If /i G 
then it induces a tracial state so that 



for all / e C{X). On the other hand, if t e T{Aa), then /irojo gives a measure in Ta- This 
measure will be denoted by fir- 

The reader may notice that we do not always attempt to distinguish the convex sets 
from T{Aa). 

2.4. (12) Let A and B be two C*-algebras. By a homomorphism h : A ^ B, we mean 
a *-homomorphism from C*-algebra A to B. Suppose that both A and B are unital and 
stably finite. We say that r : Af f{T{A)) Af fT{B)) is a unital order homomorphism if 
r is an order homomorphism and r{lA) — Is- The homomorphism r is said to be an order 
isomorphism if r is a bijection and r"^ is an also order homomorphism. 

Suppose that an afhne continuous map r : Af f{T{A)) Af f{T{A)) is a unital order 
isomorphism. Denote by : T{B) T(A) the afhne continuous map induced by r^(r)(a) = 
r(a)(T) for all a G Aa.s and r e T{B). If r is a unital order isomorphism, then is an afhne 
homeomorphism. 

On the other hand, if A : r(j4^) — > T{Aa) is an affine homeomorphism, then one obtains 
a unital order isomorphism A« : Aff{T{Aa)) Aff{T{Af})) by A''(a)(r) = a(A(r)) for all 
a e AffiTiA^)) and r £ r(A„). 

(13) If : A ^ i? is a homomorphism we will use (j)^, : K^,{A) K^,{B) for the induced 
map on iiT-thcory. 

(14) Let A and B be two C*-algebras and cj) : A ^ B he a contractive completely positive 
linear map. Suppose that Q is a subset of A and 6 > 0. We say cj) is ^-^-multiplicative if 



(15) Let (f) : C{X) A he a homomorphism. We say that has finite dimensional 
range if the image of is contained in a finite dimensional C*-subalgebra of A. If cj) has 
finite dimensional range, then there are finitely many points {a;i, X2, Xm} C X and pairwise 
orthogonal projections pi,P2, ■■■,Pm in A such that 



(16) Let Ahe a unital simple C*-algebra. We write TR{A) — QUA has tracial rank zero. 
For the definition of tracial rank zero, we refer to [7] or 3.6.2 of [S]. A unital simple C*-algebra 
with tracial rank zero has real rank zero, stable rank one and weakly unperforated Kq[A) (see 




\<p{ab) - (t){a)4,{h)\\ < S for all a,beg. 



m 



HI)- 
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2.5. (17) Let T be a convex set. Denote by de{T) the set of extremal points of T. 

(18) Let X be a compact metric space with infinitely many points and a : X ^ X he a 
minimal homeomorphism. A Borel set Y d X is said to be universally null, if ^j.{Y) = for 
all /i e Tq. 

(19) Let Aq, be the simple crossed product. A crucial assumption that we make in this 
paper is that p{Ko{Aa)) (see (4) above) is dense in Af f{T{Aa)). 

We will use the following theorem f|14|'). 

Theorem 2.6. Let X be a finite dimensional compact metric space with infinitely many points 
and a : X —t X he a minimal homeomorphism. Then A^ has tracial rank zero if and only if 
p{Ko{Aa,)) IS dense in Aff{T{Aa)). 

Minimal dynamical systems whose crossed product C* -algebras satisfy the above condition 
have be given and discussed in I 1 . It should be mentioned that if {X, a) is a minimal Cantor 
system, then condition in 12. 61 is always satisfied. 

3 Uniform Rohlin Tower Lemma and mean dimension 
zero 

Definition 3.1. Let X be a compact metric space and let a : X ^ X be a homeomorphism. 
We say that (AT, a) has the small-boundary property if for every point a; G AT and every open 
neighborhood of x there exists an open neighborhood V C U such that fi{V \ V) ~ for all 

By a result of Lindenstrauss and Weiss (see ^Hli §5), if {X, a) has small boundary property 
then {X, a) has mean dimension zero. The converse is also true, for example, if (X, a) is 
minimal (see Theorem 6.2 of [ITp. 

It is also shown in |18| that if X has finite covering dimension then any minimal system 
{X, a) has mean dimension zero. 

The following is an easy lemma. 

Lemma 3.2. Let X be a compact metric space with infinitely many points and let a : X X 
be a homeomorphism. Suppose that de{Ta) is countable. Then (A", a) has small boundary 
property. Consequently {X, a) has mean dimension zero. 

More precisely, given any point x G X and S > 0, there is an open ball of X with center at 
X and radius S/2 < r < 6 such that 

fi{{y e X : dist(a;, y) = r}) = 

for all II £Ta. 

Proof. Let de{Ta) — {/ii,/i2, ...TfJ-n, ■■■}■ Given a point x € X and S/2 < r < S define 

{y e X : S/2 < dist(?;, x) < S} and 
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^{R) — fJ.{l-)s/2<r<sCr) 

and < 1 for all fi £ T^, there are uncountably many r e {S/2, 6) such that 



iJ-niCr) =0, 71 = 1,2, . 



Let r be one of them. It follows that 



^l{Cr) - 



for all 



□ 



The Rohlin Tower Lemma is well known in ergodic theory. The following two lemmas are 
some uniform versions of it which will be used later. 

Lemma 3.3. Let X be a compact metric space with infinitely many points, let a : X ^ X be 
a minimal homeomorphism and let Ta be the set of a invariant probability measure. Suppose 
that {X,a) has mean dimension zero. Then, for any integer n > 1, there exist finitely many 
open subsets Gi, G2, .., Gm C X such that a^{Gi) are mutually disjoint for < j < h{i) — 1, 
< i < TO, h{i) > n for each i and \ U'^^ U^'l'^"^ ai{G,)) = for all fi £ T„. 

Proof. We start with a non-empty open subset CI <Z X such that (Q) are pairwise disjoint 
for < J < n — 1. This is possible since a is minimal. Bv 13.21 and 13.11 we may assume that 
= for aU /i e Ta. 
Let Y — n. For each y ^Y, define 



It follows from Theorem 2.3 of 1121 (see also p.299 of ^) that sup^jgy r{y) < 00. Let 
rt(0) < n(l) < • • • n{l) be distinct values in the range of r, and for each < fc < set 



minjTO > 1 : ^"'(y) G Y}. 



Yk^{yeY: r{y) 



n{k)} and Y^" = int{i/ G Y : r{y) 



n{k)}. 




Fo = Xa,Yi = Xi \ Xo, Yi^XiX Xi^i. 



Note that n(0) > n. 

Denote rJo int(y). Note that Vl C fio- Therefore Tk) = Y. Put 
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Then 5*1 is open and 

(a"(°n>") n r) \ 5i = [{a"^°\Y) n Y) \ a"(")(0o)] [j[{a'^(°\Y) n Y) \ flo] (e3.1) 
Ca"(°H9(^^o))U^(^o)• (e3-2) 

It follows that 

/.(K(°)(y)nr)\5i) = o 

for aU fi e r„. Note that (^n(o) (y) p y)) ^ Yq. By the continuity of a, we also have 

a-"(o)(5i) =^0°- 

It follows that 

fi{Xo \ intXo) = fi{Yo \ Y°)) = (e 3.3) 

for aU fi eTa. For fc > 0, let 

5fc=a"W(r!o)nl]o. 

Then 5*^ is open and, as above, 

MK('HnnF)\5fc)) = (e3.4) 
for all ^ eTa and 1 < fc < L We have 

^~nik) (^„(fc) nY)\Xk-i^Xk\ Xk-i and a-"(^-) (5fe) \ X^-i = Y^ . (e 3.5) 
Moreover, for fc > 0, by (|e 3.5|l . 

Xk \ int(Xfe) C [(Xfe \ Xfe_i) \ y,?] [j{Xu-i \ int(Xfe_i)) (e3.6) 
C (a-^^'^) (a^^'^) (F) n F) \ X^-i) \ (a""'"-) \Xu-i)) (JC^fe-i \ int(Xfc_i) (e 3.7) 
C (a-"WKW(r)nr)\a-"W(5fe))U(^'^-i\int(Xfc_i)). (e3.8) 

By induction on fc, combing the above with (|e 3.3|l and with ()e 3.4|l . we conclude that 

/i(Xfe\int(Xfc)) =0 (e3.9) 

for all At e Ta, 1 < fc < I. 
We also have 

Ffe \ n° C Xfe \ Xk-i \ {a-^^^KSk) \ Xk-i) (e3.10) 

C (a-"WK«(y)nr)\int(X,._i))\("-"<'H^fc)\^fc-i) (eS.ll) 

C (a-"W(a"W(y)nr)\a-"W(5fc))|J(Xfc_i\int(Xfe_i))- (e3.12) 
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From this, by (|c 3.4|) and Ije 3.9|) . we have 

KYk \ Y^) = for all fi £ T„. (e3.13) 

It follows from Theorem 2.3 of [HI (see also p.299 of ^) that 

(i) a^ (y^°) are pairwise disjoint for 1 < j < n{k), < k < I; 

(ii) ULoU;=o(fcW(>'^0=^- 
Moreover 

; n{k) I n(k) 

^i{X \ U U a\Y^)) <Y.J2 /^("'(^fc \ )) = 
k=o j=o k=o j=a 

for aU fi e Ta. Define Gk = a{Y^), A; = 0, 1, I. With + 1 and ft.(fc) = + 1, we see 

the lemma follows. 

□ 

Lemma 3.4. Let X be a compact metric space with infinitely many points, let a : X ^ X be 
a minimal homeomorphism and let Ta be the set of a invariant probability measure. Suppose 
that {X,a) has mean dimension zero. Let {yi,y2, ...,yk} be rj/i-dense subset of X for some 
7? > 0. 

Then, for any integer n > 1, there exists an open subset G <Z X containing a subset 
{xi,X2, ...,Xk} which is rj-dense in X with dist{xi, yi) < rj/S (1 < i < k) such that a^{G) are 
mutually disjoint for < i < n — 1 and M(U"jQ^a*(G)) > 1 — e for all fx ^Ta. 

Moreover, 

/i(9(G)) = 

for all ^1 G Ta. 

Proof. Choose an integer K > such that 1/K < e. Let N = nK. Bv 13.31 we obtain finitely 
many open subsets Gi,G2, ...,Gm such that 

(i) a^{Gi) are pairwise disjoint for I < i < m, < j < h{i); 

(ii) h{i) >N,l<i<m; 

(iii) n{X \ U™ 1 U^'i'^"' a^ (G,)) = for all ^ e T„. 

Write h{i) = L{i)n + r{i), where L{i) > 1 and n > r{i) > are integers, i — 1,2,.. .,771. 
Define, for each i, 

U{i, 1) = a"(G,), U{t, 2) = a2"(G,), U{i, L{i) - I) = a(^«-i)"(GO. 

Note that 

MGO < ^A^(U■l:^'a^■(GO), l<i<m (e3.14) 

for all ^i€Ta. 
So 

m(uJ1:1^5«^"(G.)) = r(z)M(G,) < lM(U-it'«^(G.)) (e3.15) 
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for all fi E Ta and 1 < i < m. 

Let G = Uf4iG» U(U™ 1 ^sLT^ U{i, s)). Then 

(1) a^{G) are pairwise disjoint for < < n — 1, 
and, by (iii) and by Ije 3.15|l . 

(2) „{U]=^aHG)) > 1 - 1 /^(uJil7/)a^"(G,)) > 1 - > 1 - e for all £ T„. 

Now let {yi,y2, ■■■,yk} be an ?7/3-dense set. Define y- — a^^{yi), i — 1,2,.. .,k. Choose 
6 > such that 

dist(a(a;), < rj/9 

whenever dist(a;, y) < S. 

Choose zi — y[. Since y'2 is a condensed point, there is Z2 G 0(2/2), where 0(2/2) ~ ^ 
X : dist(?/2,a;) < <^}, such that Z2 ^ {a"(a;i) : n G Z}. We then choose Z3 ^ {a^{xi),a"-{x2) ■ 
n € Z} but dist(z3, y2) < S. By induction, we obtain {zi, Z2, Zk} C X such that none of Zi 
lies in the obit of Zj \H ^ j. We note that {a{zi), a{z2), a{zk)} is 4?7/9-dense in X. So we 
may start with an open subset which contains {zi, Z2, Zk} at the beginning of the proof 
ofESl 

Note that, by the proof ofESl Gk = a{Y,°), k = 0,l, I. In the proof ofliOl 

I 

U Ffe D r = n. 

k=0 

It follows that 

I I 
a{Y)\\jGkC\Ja{Yk\Y°). 

k=0 k=0 

Since 

t,{Yk \ Y^) = 
for all fi E Ta, and since a is minimal, for each i, 

U{a{z,)) n UT=iGk ^ 0, 

where U{a{zi)) = {x E X : dist{a{zi) , x) < ri/9}. Choose a point Xi E U{a{zi)) n u5,_;^Gfc, 
1 < i < k. Then the above proof shows that 

Xi E G, i — I, 2, k. 

Note that dist(a;i, yi) < rj/Z 1 = 1,2, k and {xi, X2, Xk\ is ?7-dense in X. 

□ 

Let X be a compact metric space and let A be a unital O* -algebra. Suppose that : 
C{X) — > A is a homomorphism. Then (p can be extended to a homomorphism from B{X), 
the algebra of all bounded Borcl functions, to the enveloping von-Ncumann algebra A** . 
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Lemma 3.5. Let X be a compact metric space and (p : C{X) A be a unital monomorphism 
from C{X) into a unital simple C* -algebra A. Suppose that 

Mx(G\G) = 

for all T G T{A). 

Then (f>{xG) (in A**) is continuous function on T[A), or equivalently, for any £ > 0, there 
exists f e CiX), with < fit) < 1 for all f G X and f{t) =0 ifteX\G such that 

|r(0(/))-Mx(G)|<£ 

for all re T{A). 

Proof. Note that X \ G is open. There are increasing sequences of nonnegative functions 
{gn}, {hn} C C{X) with < ,9n < Xg and < /i„ < 1 — xq such that 

Urn gn{t) = xait) and Hm /i„(i) = 1 - xq 

for each t € X. Let 

Ji = {/ e C{X) : fit) = for all t G X\G} and h = {f € C{X) : fit) = for all / e G}. 

Let Bi = and B2 = (/)(/2)^0(-f2) be the hereditary C*-subalgebras corresponding 

to the open subsets G and X\G, respectively. It follows easily that 

lim t(5„) = t(xg) and lim r(/i„) = t(1 - Xg) 

n— >oo n— *oo 

for all r G T(A). Note that t((1 - Xg) + Xg)) = 1 for all r G r(^). Consider the function 
Hg^hn) on r(A) defined by (l){g^h„)iT) = t(0(5„ + hn) for r G T(A). By the Dini 
Theorem, 4>{gn + hn) converges uniformly to 1 on T'(A). In other words, for any £ > 0, there 
exists N > such that 

\t{xg - gn) + t((1 - Xg) - ^n)| < e 

for all T G T{A) provided that n> N. Since both r(^(xG — and t(^((1 — Xg) ~ ^n)) are 
positive, one has, if n> N, 

r{(l>{XG - 9n)) < £ 

for all r G TiA). This shows that t((;6(9„)) converges to t{4>{xg)) uniformly on T{A). It follows 
that (/>(xg) is a continuous function on TiA). □ 

4 Perturbations 

The following lemma is well-known (note that finite dimensional C*-algebras are semiprojective 
and their unit balls are compact). 
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Lemma 4.1. Let F be a finite dimensional C* -algebra. Then for any e > there exist a 
finite subset Q d F and S > satisfying the following: For any Q -6 -multiplicative contrac- 
tive completely positive linear map (f) : F ^ A, where A is any C* -algebra, there exists a 
homomorphism h : F A such that 

\\h-(f>\F\\ <e. 

Lemma 4.2. (Lemma 4.1 of |1(J| ) Let A be a unital C* -algebra. For any e > and finite 
subset J- C A, there exist a finite subset Q d A and S > satisfying the following: 

If B is another unital C* -algebra, (j) : A B is a unital contractive completely positive 
linear map which is Q-5- multiplicative and r e T{B), then there exists a tracial state t G T{A) 
.such that 

\t o (j){a) - t(a)\ < e 

for all a ^ T . 

Lemma 4.3. Let X be a compact metric space with infinitely many points and let a : X ^ 
X be a minimal homeomorphism. Let Gi, G2, Gl be finitely many open subsets with the 
property that ^{d \ Gi) — for all fj, E Ta. 

For any e > and a finite subset T C G(X), there exist a finite subset Qi C C{X) and 
r] > satisfying the following: 

if there exists a projection p G Aa and a unital homomorphism (j)o : C{X) —^ pAp with 
finite dimensional range such that 

(1) WpjM) - jM)p\\ < V for all f £ Si, 

(2) \\pja{f)p - 0o(/)|| < 7? for all f £ Gi and 

(3) r(l -p) <ri for all t G T(A„), 

and if (p : A^ is a unital Q2-5 -multiplicative contractive completely positive linear map 

(for some k > 0) , where Q2 is a finite subset of Aa and (5 > 0, both of which depend on the 
image of 4>o, Qi, rj, £ as well as Gi , G2 , . . . , Gi, , 
then there is t € T{Aa), such that 

\tro(j)oj{g)-T{g)\<e/2 and |tr o </) o (/)o(.g) - t(5)| < e 

for all g G Qi, there are {yi,y2, ■■■tI/k} C X and mutually orthogonal rank one projections in 
Mk such that 

K 

\\^f{yi)Pi -(t>°(t>o°{f)\\<£ 

i=l 

for all f E F and 

Air(Gj) + £ > > Mt(Gj) - e, 

where Nj is the number of y[s in Gj. Moreover, -^^p- < e. 
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Proof. To simplify notation, without loss of generality, we may assume that is in the unit 
ball of C{X). 
Let 

70 = inf{M.(Gj) : ^l G T{A),j = 1, 2, L}. 

Since Aa is simple, one has 70 > 0. By Lemma 13.51 choose gj e C{X) with < gj < 1, 
gj (x) = if a; Gj and 

^iriGJ) < T(j„(5,)) - min(7o/4,e/8) (e4.16) 

for all T G T{A) and j = 1, 2, L. 

Let J^i = J-" U {gj : I < j < L}. Let 771 > be such that 

\fix)^fix')\<e/A 

if dist(a;,a;') < 771 for all / G J^i- Let 77 = min{7o/32, e/64, 771/32}. Let Qi = J^i. Suppose 
that p G and ipo : G(X) — > pAap is a homomorphism with finite dimensional range which 
satisfies (l)-(3) as described in the statement (for the above Qi and 77). 
Put ^2 = ia(^i) U M^i) U {p, 1 - p} U {pjM)P ■■ f G ^i}- 

Let Q C be a finite subset and (5 > be a positive number required by Lemma 14.21 
corresponding to J^2 and 77. Let C be the image of 0o which is a finite dimensional C*-algebra. 
Choose a smaller S required bv 14. II and a larger Q which contains a finite subset required by 
14. II for C and rj. 

Let — Q U J-2. Now let : Aa be a unital f/2-<5- multiplicative contractive completely 
positive linear map from Aa — > Mk (for some A: > 0). 

By 14.11 (and choice of Q and 6) , we may also assume that there is a homomorphism, 
(poo : C{X) — > EMkE (for some projection E) such that 

||0oo(/)-</'o0o(/)|| <?7 

for aU / G J^i. 

By the choice of Q and 5, aPDlving l4.2l there is a tracial state r G T{A) such that 

|T(a) — tr o (j){a)\ < 77 

for all / G ^2- In particular, 

r(l — p) — tr o — p)\ < 77. 

It follows that 

tr o 0(1 - p) < 277 < e/4. (e4.17) 

Moreover 

k(ja(/))-tro0oo(/)| <377 

for aU f eTi. 
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Write ^oo(/) = Yln=i f{yi)Pi for all / e C{X), where yi £ X and {pi,P2, ■■■,Pk} is a set 
of mutually orthogonal rank one projections in Affe, and < A' < fc. 
On the other hand, 

|tr(<^oo(.9»)) - T{jM)\ < 3?/ (e4.18) 
for 1 = 1,2, L. It follows from He4.16(l and He4.18(l that 

fir{Gj)+e/2 > > Mr(G,) - £/2, 

where Nj is the number of j/j's which lie in Gj, j = 1, 2, L. 
By He4.17|l . we compute that 

— ^ < e/4 < s. 

□ 

Lemma 4.4. Let X be a finite dimensional compact metric space with infinitely many points 
and a : X ^ X be a minimal homeomorphism. Suppose that p{K{){Aa)) is dense in Af f{T(Aa). 
Then, any e > 0, cr > and finite subset T C C(X\ there are mutually orthogonal projections 
{pi,P2, ■■■,Pm} C Aa and {xi, X2, Xfn} C X such that 

(1) Wpjaif) -jM)p\\ < e for f e where p = J^kLiPk, 

(2) Wpjaif )P ~ jyiLi fixi)Pk\\ < £ for all f e T and 

(3) t{1~p) < a for all t € 

Proof. Let ry > be such that 

\f{x)~f{x')\<e/A 

if dist(a;, x') < rj for all f E T. It follows from 13. ll that there are pairwise disjoint open subsets 
Oi, O2, 0„i with diameters less than 77 such that {Oi, O2, covers X and 

MUIli(O-\O0)=0 (e4.19) 

for aU p ETa. 

Let gi e C(X) such that < gi < 1, gi{x) = if x ^ Oi and > if a; S Oi, 

i = 1,2, ...,771. Let Bi — ja{gi)Aaja{gi) bc the hereditary C*-subalgebra associated with the 
open set Oi, i = 1,2, ...,771. Since p(Vo(A„)) is dense in Aff{T{Aa)), byHH TR{Ao,) = 0. 
In particular, Aa has real rank zero. So contains an approximate identity consisting of 
projections {e{i, n) : n = 1,2, ...}, i — 1,2, ...,m. It is easy to see that 

lim T{e{i,n)) = t^r{Ot), 

n — >oo 

where fir is the probabihty measure induced by the trace r, for ah r G T(Aq,). Put = 

E"ie(7,7i).By gnni, 

lim T(e„) = 1 



13 



for all T G T{Aa). Since {e„} is an increasing sequence, by the Dini Theorem, {e„} converges 
uniformly on T{Aa). Therefore, for any ct > 0, there exists an integer n > such that 

T(e„)>l-cr (e4.20) 

for all T G T{Aa). Define p = 1 — e„ and pi — e{i, n), i — 1,2, m. Choose a;^ G Oi. By the 
choice of 77, one checks easily that (1), (2) and (3) follows (see the proof of 4.1 of 3 ). □ 

Lemma 4.5. Let X be a finite dimensional compact metric space with infinitely many points 
and let a : X X be a minimal homeomorphism. Suppose that p{Ko{Aa)) is dense in 

AffinA^). _ 

Let Gi, G2, Gl be finitely many open subsets with the property that fi{Gi \ Gi) = for 
all G Tq. For any £ > and any finite subset J- C C{X), there are a (specially selected) 
projection p G Aq, with r(l —p)< e/2 for all r G T{Aa), and a finite subset Q C A^ and (5 > 
satisfying the following: 

if (j) : Aa — > Mfc is a unital Q-S -multiplicative contractive completely positive linear map 
(for some k> 0), then there is t E T{Aa) such that 

\tro(j>oj{g)-T{g)\<e/2 and \tr o (f){pgp) - T{g)\ < e 

for all g £ and there are {yi, y2, Vk} C X and mutually orthogonal rank one projections 
{PijP2j ■•■iPfc} w Mj^ such that 

K 

\\^f{y^)P^-'t>°[P^P)\\ <£ 
1=1 

for all f £ T and 

n{G.j)+e> > fi{Gj)-e, 
where Nj is the number of y[s in Gj and fi is the probability measure induced by r. Moreover, 



Proof. To prove this lemma, we combine 14 . 31 and l4 . 41 Fix e > and a finite subset J- G C{X). 
Let Qi G G{X) be a finite subset and 77 > required bv 14.31 By applving 14.41 we obtain a 
projection p G A^ and a unital homomorphism (j)o : G{X) — > pAp with finite dimensional 
range which satisfies (l)-(3) in 14.31 Wc then auplv to obtain this lemma. 

□ 

Lemma 4.6. Let A be a unital simple G* -algebra with the property: two projections p and q 
in A with t{p) — T{q) for all r G (A) are equivalent. 

Let X be a compact metric space and hi,h2 : G{X) A be two unital monomorphisms. 
Suppose that 

T o hiif) = T o h2if) (e4.21) 
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for all T G T{A). Suppose also that, for any r > 0, there are finitely many pairwise disjoint 
open subsets Ui, U2, Um whose diameters are less than r such that X — U™ j^J/i and 

for all T £ T{A). 

Then, for any rj > 0, there exist a finite subset J-q C C{X), J- d A and S > satisfying 
the following: for any J- -S -multiplicative contractive completely positive linear map (j) : A B 
and any homomorphism ipi,i)2 ■ C{X) — > B for some unital stably finite C* -algebra B with 

UoK{f)~Mf)\\<5 

for all f G J-Q, i — 1,2, one has 

MtoVi('5') < lJ'to4,2{Br,{S)) and ^to4,2iS) < /ifo^,i (B,,(S')) 

for any t G T{B) and any closed subset S C X, where Bf-i{S) ~ {x £ X : dist(a;, S) < rj}. 

Proof. Fix 77 > 0. Let X = -^i^ where each Xi is a clopen set which is ry/4-connected, 

i.e., for any two points x,y G Xi, there are xi, X2, Xm G Xi such that dist(a;,j:i) < 77/4, 
dist(xi, a;i+i) < rj/A and dist{xm,y) < v/^- 

Let Ui,U2, ■■■,Um be pairwise disjoint non-empty open subsets whose diameters are less 
than rj/8 such that X = U™ jITi and 

for aU T £T{A). 
Let 

d = inf iU,):l<i<m,T£ T{A)}. 

Since A is simple, d > 0. 

Let ei = hi{xXi) and fi — h2{xXi), where xXi is the characteristic function on the clopen 
set Xi, i=l,2, N. Then, for any t G T{A), 

T(e,) = T(/0 (e4.22) 

for all r G T{A). By the assumption on A, there is a partial isometry Ui £ A such that 

u*iUi — a and UiU* ^ fi i = l,2,...,N. (e4.23) 

Let A be a subset of {1,2,..., to}. Bv 13.51 for each A, there exists a G C(X) with 
< 5A < 1, gA{x) = 1 if X G Ui^AUi and gi{x) = if dist(x, UigAt/i) > 7^/128 such that 

r(/ii(5A)) - ^ < l^TohA^^eAUi) (e4.24) 
o 

for aU T G T{A), i = 1,2, ...,m. 
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Let J'^o = {5A : A C {1, 2, m}} and T = {u^,u* : \ < i < N} V}}^^ K{Tn). Let C? be a 
finite subset and 5 > be required by 14.21 for the above A, T and d/8. We may assume that 
8 < d/A. 

Now suppose that : A ^ i? is a Cy-(5/4-multipUcative contractive completely positive 
linear map and ipi : C{X) B is (for each i) a homomorphism such that 

\\Mf)-<l>°h,{f)\\<S/A (e4.25) 

for all f gT. 
Hence 

WMxx,) - < S and WMxxJ - 0K)*<^K)|| < 6 (e4.26) 

i = l,2,...,iV. With S < d/A < 1, it follows (for example, from 2.5.3 of 9 ) that ^Ji{xXi) is 
equivalent to ip2{xXi) in B, i = 1, 2, N. 
In particular, 

tiMxxJ) ^ tiMxx^)) (e4.27) 

for all t e T{B), i = 1,2, ...,7V. 

By the choice of G and 6, applying 14. 21 we have, for each t G T{B), there is r G T{A) such 
that 

\T{hi{gA) - t o ijj{gA)\ < d/8 (e4.28) 

j = 1,2 and A C {1,2, ...,m}. 

For any closed subset 5 C X, if 5 is a union of some of Xi, then, by (|e 4.27|l . 

fJ-tot/jiiS) ^ fitotiJ2{S). (e4.29) 

Suppose that S' is a closed subset of X which is not a finite union of some X^'s. Then, 
there must be a point ^ G B^rj/wiS) \ B^f4{S). But dist(^, Uj) = for some j. Since diameter 
of Uj is less than 7^/8, 

Uj c Br^/,eiS) C B^/2{S). (e4.30) 

It follows from Ije 4.281 that 

fitoi^AUj) > d/2 (e4.31) 

for aU t G T{B), i^l,2. Since Uj n B7,,/64(5) = 0, we have, 

Mto,A,(B„(5)) > d/2 + Hto4,,iBj.^/64iS)) (e4.32) 

There is a A C {1, 2, N} such that UigAC^i ^ S. Suppose that A is smallest such subset 
of {l,2,...,iV}. Then 

suppffA C ^7^/64(5') and A^toiA, (57»?/64(S')) > i(V'i(gA)) (e4.33) 
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for all t e T{B) and i = 1,2. 

|ioV'i(<?A)-ioV'2(5A)l <rf/8 (e4.34) 
for all teT{B).lt follows that, by applying (|e4.34|l . (|e4.33|) and (|e 4.32(1 . 

MtoVi('5) <i(V'i(3A)) <i(V'2(5A)) + rf/8</ito^2(B7^/64(5)) + rf/8<Aftov,2(Sr,) (e4.35) 
for all t G T(B). Similarly, 

tJ-toii,2iS) < fJ-toiiiiiBri) (e4.36) 

for all teT{B). 

□ 

Lemma 4.7. Lei X be a finite dimensional compact metric space with infinitely many points 
and let a : X ^ X be a minimal homeomorphism. Suppose that p{Ko{Aa)) is dense in 
Aff{T{A^)). 

Let e > and let T C C(X) be a finite subset. Let t] > be any positive number such that 

\f{t)~fit')\<e/8 

if dist(t, t') < ri for all f £ T. 

Let n be an integer so that 1/n < e/4 and let G be an open set such that (G) are pairwise 
disjoint for < j < n — 1 with the following properties: 

(i) G contains Xi, i — 1, 2, I, where {xi, Xi^ x{\ is ri/2-dense in X, 

(ii) /i(UjQ^ (G)) > 1 - e/lQ for all fi G and 

(iii) ^i{d{G)) = for all fi e T^. 

Then there exist a (specially selected) projection p G with r(l — p) < e/2 for all 
T e T{Aa), a finite subset Q C Aa and S > satisfying the following: 

if (j) : Aa —^ Mk (with k > In) is a Q-S -multiplicative contractive completely positive linear 
map, then there are m distinct points 

{yi,i = 1,2, ...,to} 
with yi £ G, Xi = yi, i = 1, 2, I < m and < e/4 such that 

n— 1 m 

E f{^^^)P^-HPJM)p)\\<e (e4.37) 

j=0 1=1 i=K+l 

(K = mn < N < k) for all f E where 

{Pi,] ■■ I < i < m,0 < j < n ~ 1} U {pk+i, 
is a set of mutually orthogonal rank one projections in Mk and {zk+i, zn} C X. 
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Proof. Let 771 > such that 771 < 77 and 

dist{a\x),a^{x')) < 77/2 (e4.38) 
if dist(x, x') < 771, —77, + l<j<n — 1. Let 772 > be such that 772 < 771 and 

dist(aJ(a;),a^(x')) < 771/2 (e4.39) 

if dist(x, x') < 772, j = 1, 2, ...,71— 1. 

Since X has finite covering dimension, {X,a) has mean dimension zero fsee Let Ui 
be an open ball with center at Xi and radius 772/4 such that fi(Ui\Ui) = for all fi £ T^, 
i = l,2,..,L. 

Now we apply H31 with open subsets {Ui : I < i < L} and {a^{G) < j < n — 1}. Let 
di > 0. By 14.51 for and J-, with sufficiently large G and sufficiently small 6, we may 

assume that k is sufficiently large and 

N 

Uo{pja{f)p) -Y^fizM < min{£/8,(5i} (e4.40) 

1=1 

where p G is a specially selected projection with t(1 — p) < e/8 for all r e T{Aa), where 
■^^^ < e/8 and where {zi, z^} is a set of distinct points of X. By applving l4.5l fwith finitely 
many open sets Ui^s and Q!^(G)'s in place of Gi) and using (ii) aboye, we may also assume that 
there are at least tti distinct points {yij : i = 1,2, ...,771} of {2:1, Z2, zjv} in each of a!>{G) 
(for some 1 < J < L), j = 0, 1, 7i — 1) such that 

1 777, 1 e / . .H ^ 

->->--—. e4.41 

n K n m 

Furthermore, we may assume m > L and yo.i £ Ui i — 1,2, I. Put — X^i^i f{^i)Pi for 

/ G C(X). With sufficiently small 61 and sufficiently large G, by 14.61 we may also assume that 

{S)< r (8^2/2) and 

(^)< (5„,/2) (e4.42) 

for any closed subset S C X, where {a^^)*{f) = / o a^^ , j ~ 1,2,. ..,77 — 1 and where 
Sn2/2 = {xGX : dist(a;, 5) < 772/2}. 

Thus, by the choice of 7/2, for any ys{i),j, i = l,2,...,Af with 1 < Af < 777,, there exist 
S.'i,£.'2,--,S,'m & [x & X : dist(x, {771^0,2/2,0, ■•■,ym,o}) < 77i/2} such that 

dist(2/,(,),„a^(^0) <^2/2, 7 = 1,2,...,M. 

Then, by the choice of 771, there are ^1,^2, ---i^M G {2/1.0,2/2,0, ■••,2/m,o} such that 

dist(y,(,)j,a^(C»)) <77/2, i = l,2,...,M. 

Similarly, for any Ci,C2,---,Cm ^ {2/1,0, 2/2,0, 2/m,o}, there exist 2/s(i),j, * = 1,2,...,M, such 
that 

dist(a^"(eO,2/:w,,) < W2 7 = 1,2,...,M. 
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It follows from the "marriage lemma" (0) (see also 2.1 of [20]) that there is a permutation 
CTj : {1, 2, to} — > {1, 2, to} such that 

dist(y,,j,a-'(2/^^.(j)^o)) < V, 

j — 1, 2, n — 1. By the choice of 77 and by replacing e/8 by e/4 in (|c 4.4U|I . we may assume 
Ui^j = a^iVLo) and y^^o = for 1 < z < L Let yi = yi^i, i = 1,2, ...,to. Put if = TOn. 

Thus, from above, with sufficiently large G and sufficiently small 5, we may also assume 
that, 

N n-1 m N 

||^/(zOp.-EE/("'(y»)K^ + E /(^Op.III <e/2 (e4.43) 

1=1 j=0 1=1 1=^+1 

for all f E T. Then He4.37|l follows from (|c4.40|l and (|c4.43|l . Moreover, by (|e 4.4111 and (4), 

if nm ,1 £ , ^ , . 
k k n 4n 

as desired. 

□ 

Proposition 4.8. Let A and B he two unital separable C* -algebras with TR{A) = TR{B) = 0. 
Suppose that X : Af f{T{A)) — > Af f(T{B)) is a unital order ajfine isomorphism. Then, there 
are finite dimensional C* -algebras Fn, a sequence of unital contractive completely positive 
linear maps (/>„ : _B — s- Fn and a sequence of unital contractive completely positive linear maps 
ijjn '■ A ^ Fn satisfying the following: 
(1) 

lim ||0„(a)0„(6) - (/i„(a6)|| = 

n — >oo 

for all a,b E A and 

lim \\'4>n{x)'4>n{y) - '4'n{xy)\\ = 

n— *oo 

for all x,y E B; 

(2) there is an affine continuous map A„ : T[B) T{Fn) such that, for each b E B, 



|A„(T)(0„(&))-r(fe)| ^0 (e4.44) 



uniformly on T{B) and 
(3) for each a E A, 



|A(a)(T) - A„(r) o V^„(a)| ^ (e4.45) 

uniformly on T{B). 
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Proof. Let e > 0, T C A and G C B he two finite subsets. To simplify notation, without loss 
of generality, we may assume that and Q are in the unit balls of A and B, respectively. 

Since TR{A) = 0, by [7], for any 5 > 0, there exist a projection p £ A and a finite 
dimensional C*-subalgebra C of A with p = Ic such that 

(i) \\pa - ap\\ < (5/8 for all a e J^; 

(ii) dist{pap, C) < d/8 for all a e and 

(iii) t(l -g) < <5/4 for alH G r(A). 

We choose 6 < min{e/4, 1}. Moreover, by 2.3.5 of jSl, there exists a contractive completely 
positive linear map V'' '■ pAp —> C such that ip{c) = c if c G C. Define ■!/'(a) = ip'{pap) for all 
a e A. 

Write C = ^R(i)- Denote by a minimal rank one projection in MjK^i^, i = 1,2, k. 

Since TR{B) = 0, pb{Kq{B)) is dense in Af f{T{B)). So there exists a projection e B such 
that 

r(e;)(r) - ,5/8 < r(p,) < r(^,)W (e4.46) 
for aU T e r(B), i = 1, 2, k. Note 

fe 

< [Ib] 

i=l 

in Ko{B). Thus (since TR{B) = 0) we obtain a C*-subalgebra Bo C B for which there exists 
an isomorphism ipi : C ^ Bq so that V'i(ei) = « = 1, 2, fc. 

Choose 5i which contains Q and V'l ° i^i^) a-s well as a set of generators of Bq. For any 
5i > 0, there is a projection q B and a finite dimensional C*-subalgebra F of B with q = Ip- 
such that 

(1) \\qb-bq\\ < Si/8 for aU b e Gi; 

(2) dist{qbq,F) < Si/8 for all b e Gi and 

(3) r(l - g) < (5i/4 for all t e T{B). 

We may assume that 5i < min{e/4, 1}. By 2.3.5 of 0, we may assume that there exists a 
contractive completely positive linear map 4>' : qBq F such that 4>{b) = b if b F. Define 
: S — > F by (j){b) = (j)'{qbq) for all b € B. Then (f) is t/i-(5i/4- multiplicative contractive 
completely positive linear map. 

Furthermore, bv 14.11 we may assume that there exists a homomorphism h : Bq ^ F so 
that 

||/i-,/)|boII <e/8. 
For each t e T{B) define A(r) = ■:pj^T\p. Since, for any b e B, 

T{{l-q)bq)=0 = T{qb{l-q)), 

we have 

\T{b) -T{qbq)\ < Si/A. (e4.47) 
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for all T e T{B) 



With Si <1, for any f e F, 



|r(/)-A(r)(/)|<(l 



1 



)|r(/)| < (<5i/3)|r(/)| 



(e4.48) 



1 - Ji/4 



for all T e T(B) 



By (2) above, (|e4.47|l and He4.48|l . we estimate that 



r(6) 



A(t)(0(6))| < Si/A + Si/8 + (<5i/3)(l + Si/8) + di/8 < e/2 



(e4.49) 



for all b Qi. 

Define V'(a) = 
also compute that 



ho (?/;(a)). Note that ip is from A to F C B and it is jT-e-multiplicative. We 



|A(a)(r)-A(r)(^(a))|<e 



for all a e T. 



□ 



5 Uniform approximate conjugacy in measure 

Definition 5.1. Let X be a compact metric space and let a : X ^ X he a, minimal homeo- 
morphism. Define F{Ta) to he the set of those measures i/ such that 



for all / G C{X), where xi,X2, Xk are points in X, < a; < 1 and J2i=i '^i — 1- 

Fix a finite set of points xi, X2, G X and k many positive affine continuous functions 
ai,a2,...,afc £ Af f{T{Aa)) with '^i ~ 1- define an affine continuous map A : 

r« F(r„) as follows. 



for all / S C(X). To simplify notation, we also use A for the induced affine continuous map 
from T{Aa) to F(Ta). 

Definition 5.2. Let X be a compact metric space and a,P : X ^ X he two minimal 
homeoniorphisms. We say that a and /3 are approximately conjugate uniformly in measure if 
there are a sequence of open subsets {On} with each 0„ being 1/n-dense in X, and a sequence 
of Borel isomorphisms {jn} on X, 
(1) for each a > 0, 




1=1 




i=l 



(e5.50) 



H{{x e X : dist(7-ia7„(x),/3(x)) > a}) ^ 



(e5.51) 
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fi{{x e X : dist(a7„(a;),7„/3(x)) > a}) 0, 



(e5.52) 



and 



I'iix e X : dist(7„/37„^(x),a(a;)) > a}) 







(e5.53) 



i,{{x e X : dist{(3j-\x),j-^a{x)) > a}) 







(e5.54) 



uniformly on Tp and Tq,, respectively, 

(2) 7„(0„) is a i-dense open subset, 7„ is continuous on 0„ and 7~^ is continuous on 
7n(0„); 

(3) there exists an affine continuous map A„ ; Tp F{Tp) such that J f o 7„(iA„(/i) 
converges uniformly on Tp for all / G C(-'f) which defines an affine homeomorphism r : Tp 
Ta and 



uniformly on Tp for all / £ C'(X), and there exists an affine continuous map A„ : Tq F{Ta) 
such that / f o dKn{v) converges uniformly on Tq, for all / G C{X) which defines the affine 
homeomorphism r^^ : Ta ^ Tp, and 



uniformly on Tq for all / £ C{X). 

Remark 5.3. In general, one should not expect that {7„} converges in any suitable sense. 
Nevertheless, it is important that {"fn} carries some consistent information. Note that a 
homeomorphism does not preserve measures. Given a sequence of homeomorphisms {7™} 
from X onto X. Even if each 7„ does not map positive measure sets to sets with zero measure, 
it could still happen that, for example, /x(7„(£')) for some Borel set E with fJ,{E) > 0. 
Therefore one should regard (3) as a crucial part of the definition. 

Moreover, given an affine homeomorphism r : Tq — s- T/3, Theorem 15.61 provides a sequence 
of maps {jn} which induces the map r in the sense of (3) in 15. 21 and 7^^Q!7„ converges to /? 
and ^nPjn^ converges to a uniformly on Tp and Tq, respectively. 

For convenience, we would like to list two known facts below. 

Lemma 5.4. Let X be a compact metric space and a : X X be a minimal homeomorphism. 
Then, for any x,y G X and any two open neighborhoods N{x) and N{y) of x and y, there 
exist a neighborhood 0{x) C N{x), an open subset O C N{y) and a homeomorphism a' from 
0{x) onto O. 




(e5.55) 




(e5.56) 
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Proof. This follows from the minimality immediately. In fact, for any e > 0, there exists n > 1, 
such that 

dist(Q;"(2:),2/) < e/2. 
Since a" is continuous, there exists 6 > such that 

e X : dist(a;,0 < 5}) C e X : dist(y,0 < e}- 

This means that the homeomorphism a" which maps {a; e X : dist(a;,^) < 6} into the 
neighborhood G X : dist(j/,^) < e}. 

□ 

Lemma 5.5. Two second countable locally compact Hausdorjf spaces are Borel equivalent if 
they have the same cardinality (< 2^°) . 

See 4.6.13 of [Ej for a proof ofESl 

Theorem 5.6. Let X be a finite dimensional compact metric space with infinitely points and 
let a, (3 : X X be two minimal homeomorphisms. Suppose that p[K{)[Aa)) is dense in 
Af f(Ta)) and p{Ko{Ap)) is dense in Kq{Ap). Then the following are equivalent: 

(1) There is a unital order affine isomorphism r : Af f{T{Aa)) — s- Af f(T{Ap))] 

(2) a and (3 are approximately conjugate uniformly in measure; 

Proof. It suffices to prove "(1) ^ (2)". 

Fix £ > and a finite subset C C{X). Fix 770 > such that 

\f{x)-f{x')\<e/^ 

if dist(a;, x') < r]o. 

Choose an integer n > such that 1/n < e/8. Choose 771 > such that 

dist{a\x),a^{y)) <rio/2 and dist(/3J(x), /3^ (y)) < 770/2 (e5.57) 

if dist{x,y) < 771, j = 1,2, ...,n- 1. 
Let 77 = min{e/4, 771/4, 770/4}. 

Bv l3.4l one obtains an open subset G that satisfies the following: 

(i) G contains u\^i{x G X : dist(x,a;i) < d} for some d > 0, where {xi,X2, ...jXt} is 
77/6-dense; 

(ii) a^{G) are pairwise disjoint for < j < — 1; 

(iii) p{X \ WJI^a^iG)) < e/8 for aU ^ G and 

(iv) p{d{G)) = for all /z G T„. 

Similarly, let be an open subset that satisfies the following 

(i') fl contains at least one open balls of where {^1,^2, ■■■,£,t} is 77/2-dense in X; 
(ii') /3'' (r2) are pairwise disjoint for < j < 77 — 1; 
(iii') n{X \ U^I^P'in)) > 1 - e/8 for all /i G and 
(iv') fi{d{n)) = for aU fieT„. 
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Note that we can use the same number t for the number of points in {xi,X2, ■■■,xt} and 
in 1^2, Ct}- When we apply to obtain O, we use the 77/6-dense set {xi,X2, ■■■,xt} to 
obtain the ?7/2-dense set {£,1,^2, ■■■,£.t}- 

Suppose that 0{xi) are open balls of Xi so that 0{xi) C G and 0(^i) are open balls of 
so that 0{£i) C Since {X,a) has mean dimension zero, let {Oi, O2, Oi} be a finite 
set of pairwise disjoint open subsets of X such that each Oi has diameter less than rji/2, 
X = uf^iOi and //(O; \ Oi) = for all /x G T„. We may assume that 0{xi) C Oi' flG for some 
i', by choosing smaller open ball of Xi if necessary. Further, by considering a suitable open 
ball of Xi with universal null boundary, we may simply assume that Oi = 0{xi), i — 1,2, ...,t 
and L > t. 

Let {Ui, U2, Uli} be a finite set of pairwise disjoint open subsets of X such that each 
Ui has diameter less than rji/2, X — ufl^Oi and v{Ui \ Ui) = for all v G Tp. We may also 
assume that 0(Ci) — Ui,i — 1,2, ...,t and t < Li. 

Let p G Aa and q G be specially selected projections as required bv l4.7l with 

r(l-p)<e/16 and 6'(1 - g) < e/16 (e5.58) 

for all r G T{Aa) and G ^(A^) for e/A, rj, n and G above and e/A, rj, n and O above. 

Let Qi C be a finite subset (in place of Q) and 5 > as required bv 14. 71 for the above 
e/4, n, rj and fi. Let C Aa be a finite subset and > as required bv 14. 71 for the above 
e/4, n r] and G. 

It follows from l4.8| fand (|e 5.58|l 'l. with sufficiently large Qi and sufficiently small 6, there is a 
finite dimensional C*-algebra Bg, a unital t/i-(5-multiplicative contractive completely positive 
linear map (f> : Af3 — > i?o, a fJ2-'5-multiplicative contractive completely positive linear map 
ip : Aa Bq and an affine continuous map Aq : T(Af}) — > T{Bq) such that 

(1) 

|Ao(r)o</,(pj^(/)p)-roj^(/)| <£/8 (e5.59) 

for aU T G T(A/3) and f e T and 
(2) 

- Aa{T)ot^{pja{f)p)\ < e/8 (e5.60) 

for aU T G T(A^) and f E 

Write Bq = ©gliM^(^) and tTs ■ Bq ^ -^fl(s) the canonical projection map. By applying 
14.71 for each s, there are integers K{s) — rrisn and K'{s) = m'^n with = X^i^i "^slO and 
m'j, = X^i'Li "^sl*')' there are points yi,i{s) E OiHG, I — 1, 2, TOs(z) and i = 1,2, ...,L, 
Y^,j,{s) £U,,nn,l' = 1, 2, ...,r7i'^(i') and i' 1, 2, ...,Li such that 

N{s) 

ll5Z/("'(yM(5))KMj+ E /(^^K.-^.°V'°(Wa(/)p)|| <e/4 (e5.61) 

i=K(s) + l 
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for all f £ J- and 



N'{s) 

II ^ f{p\Y^,i{s)))q,,,,v,j + fiOls,'^' -^sO(^oiqj^,{f)q)\\ < e/4 (e5.62) 

i'=K'{a) + l 

for all / G JT, where 

{Ps,t,i,j -iJJ}^ {Ps,t ■■ i > N{s)} and {qs^^',l',j ■ i' , l\ j} U {qs,^' : i' > N'{s)} 

are sets of mutually orthogonal rank one projections in Mj^^gj and 2;^, z^/ G X. In addition, by 
14.71 we may assume that — Xi and ^^^1(1) ~ (^i i ~ 1,2, 

Furthermore, 

R(s)-K(s) ,^ , R(s)-K'(s) ,^ . .^oN 

< Ris) < ^^'-''^ 

s = 1, 2, /cq- Without loss of generality, since X has no isolated points, we may assume that 
{yi^i{s) : i,l,s} and {Yiiji){s) : i',l\s} are two sets of distinct points. If m'^ > nis, we will 
move m'g — vris many points of Yii ^ii{s) to the set {z[ : i'}. If, on the other hand, rus > m'^, we 
will move rris — m'^ many points to {zi : i}. So, either way, we may assume that = and 
K{s) = K'{s). Note that we stih have < e/4. 

By replacing (/i by ad it o t/i, for a suitable unitary in Bq, we may assume that 

{Ps,i,i,3 ■ I <i < L,l < I < TUsii), < j < n - 1} = {qsA'.i'.j}- 

Since now we assume that — to^, we define, for each s, ^{Yiiji{s)) to be an one 
to one bijection between {Yiiii{s) : i',l',s} and {yij{s) : i,l,s}. We may also assume that 
7(y,.i(l)) = 2/..i(l), * = i,2,...,i. 

To construct the desired map 7, we divide Oi Ci G into X]s=i pairwise disjoint sets 

Bs^i^i as follows: i?s,i,i is an open subset which contains an open neighborhood of yi,i(s) for 
1 < i < t and every other Bg^ij is the closures of an open neighborhood of yi,z(s) (1 < ^ < mg). 
We then divide [7^0 1) into X]s=i "T's(*') pairwise disjoint subsets Cg^i'^i' as follows: Cg^i'^i is 
an open subset which contains an open neighborhood of l^i',i(s) for 1 < i' < t. Every other 
Cg^i'j' is the closure of an open neighborhood of Yi'j'{s) {1 < I' < m'g). 

Note that, since every points in X is condensed, i?s,i.i and Cg^i'j' are second countable 
locally compact Hausdorff spaces with the cardinality 2^". Bv l5.5l they are all Borel equivalent. 

Define a Borel equivalence 'y : X ^ X a.s follows: 

Bv 15.41 there is an open neighborhood Z{i,l,s) of ^2,1(5) in Cg^is (for 1 < i < t) and a 
open subset Z(i, 1, s) of i?s,i,i which are homeomorphic. In particular, the closure of a smaller 
open neighborhood of Yi^i(s) is homeomorphic to a closure of an open subset of Z(i,l,s). 
Thus, by taking sufficiently small such neighborhood and by aDplving l5.5l one obtains a Borel 
equivalence 7 from Cg^i'^i onto -Bs,i,i which maps a non-empty neighborhood Z(i, 1, s) of li_i(s) 
to an open subset of a neighborhood of 2/i,i(s) homeomorphically for 1 < i < t. 
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We define 7 on P^{Cs,i',v) to be a-' o 7 o /3 j = 1, 2, .., n — 2. 

Since X \ yJ^Z^a^ {G) (which is a compact subset of X containing a"^^(G)) and X \ 
yJ-Z^^a^i^j) (which is a compact subset of X which contains a" ^(f^)) are Borel equivalent, 
we obtain a Borel equivalence 7 of X which is a bi-continuous on O = Ui'_s^(i'; 1, s). Note that 
7 maps UjJo /^^ (^) onto UjJo "^ (G)- We also have 7(^(1, 1, s)) c Z(i, 1, s). Since uf^^Oi and 
U^iL-^t/i have the diameter less than 77/2, from the construction, we see that O and 7(0) are 
77 -dense in X. 

Moreover, on each (3^{Cs,iii') with < j < n — 2, 

dist(7~"^ 017(0;), /3(a;)) < ?7 and dist(Q;7(x), 7/3(a;)) < 77 (e5.64) 
We also have, on each a^{Bi i s) with < j < 71 — 2, 

dist(7/37^"^(a;), a(x)) < 77 and dist(/37^"^ (x), 7~^a(a;)) < 77 (e5.65) 

Since 

i/(/3""^(17)) < l/7i< e/8 and ^(^"-^(G)) < l/7i < e/8 (e5.66) 

for all /3-invariant probability measure v and a-invariant probability measure /i, we conclude 
that 

i^({a; e X : dist(7^^a7(a;),/3(x)) > 77}) < e/4 and (e5.67) 
^J,{{x e X : dist(7/37"i(j;),a(a;)) > 7/}) < e/4 (e5.68) 

for all /3-invariant probability measure v and a-invariant probability measure /z. 

To complete the proof, it remains to check (3) of 15.21 For this end, we note, by Ije 5.61(1 . 
(|e 5.62(1 and ((e 5.63(1 . that 

I f{a^yu{s)))^o{rKps.,u) - Ao{t){^ o {pjM)p))\ < e/2 (e5.69) 

s,i,l,j 

and 

I J2 fiPHY^A^)))AoiT){q,,,,i,.,)~AoiT)icpo{qjp{f)q))\<e/2 (e5.70) 

s,i',l',j' 

for all / e and r G T{Ap). Note also, for each s, Ao{T){ps^ijj) = Ao{T){qs,i' .I'j) = for 
all i, i' , I, I' ,j and for some non-negative constant Ct. 
We also estimate that, for each s, 

I E /°7(/3^(l'.',f(s)));^- E /(«'(y^'W))]53l<£/8 (e5.71) 

i',l',0<j<n-2 ^ ' i,l,0<j<n-2 ^ ' 



and 



E /°7-'(«^(2/m(s)));|^- E ./(/3^m',r(.)));^|<£/8 (e5.72) 

i,l,o<j<n-2 ^ ' i,L0<j<n-2 ^ ' 
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for all / e and t G Tp. 
Define A:Tfi^ F{Tp) by 



/ ma(m)) = ^ 



i',i',0<j<n-2 



for all £T(3 (where /i = fir) and all / G C(X). Note that / fd{r^{y)) — r{ja{f)){T) {fi — fir)- 
Combining (|e5.58|l . (|e5.59() . He5.t)U|) . He5.t)3|) . Ie5.t)9|l and (|e 5.7111 . we have 

\ J fdfi - J fdiAifi)\ < e, (e5.73) 

I / /o7d(A(M)) - / < e (e5.74) 



for all /3-invariant probability measure fi and all f E J-. 

Define A : T„ ^ F(T„) by A{v) = A{r^^{iy)) for e T„. Then, we have, by ^e5.58|l . 
deSSni, deSSOI), leS22I), J^^THIl and JeEZ^, 



JdA{v)- j Jdv\ < e (e5.75) 
y fo^-HA{v)~ j fdr^\v)\<e (e5.76) 

for all / e J". 

□ 



6 Concluding remarks 

(1) Let X be a compact metric space and T be a convex subset of probability Borel measures. 
Suppose that r„,r : X — > X are Borel maps and r„ A„ in measure uniformly on T. Then 
a uniform Eropoe theorem holds. Put 

Sra.k = {x e X : dist(r„, T{x)) > 1/fc}, (e 6.77) 

k = 1,2, and m = 1, 2, .... Let S > 0. For each fc > 0, there exists an integer n{k) such that 

KS„(k),k) < (e6.78) 

for aU fi£T,iin> n{k). Put 

CXD OO 

£■=^1 Pi {x e X : dist(r™(x),r(a;)) < (e6.79) 

A;— 1 m— n(/c) 
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Then converges to T nniformly on E. Furthermore, 

oc oo 

fi{X \E)<fi{[j S^(^k),k) < < S (e 6.80) 

fe=i fc=i 

for all II eT. Thus, in Theorem 15. 61 for any (5 > 0, there exists a Borel subset E C X with 
fj,{X \E) < S for all /j, G T/j such that Jn^'^ln converges to (3 uniformly on E. Moreover, there 
exists a Borel subset E' C X with fi{X \ E') < S such that jnPjn^ converges to a uniformly 
on E' . A similar measure theoretical argument, by taking a subsequence of {jn}, shows that 
there exist Borel measurable subsets Fa, Ff^ C X such that j^^ajn converges to (3 on Fp and 
lnP"in^ converges to a on F^ and X\Fp and X\Fp are universally null, i.e., ix{X \ Fp) = 
for aU /i e T;3 and v{X \Fa) ^0 for aU e T^. 

(2) Suppose that X is the Cantor set and suppose that a, (3 : X ^ X are two minimal 
homeoniorphisms. Then in Theorem 13.41 G can be chosen to be clopen. Since a non-empty 
clopen subset of the Cantor set can be divided into m non-empty clopen subsets for any integer 
TO > 0, in the proof of 15. 61 Bi^i s and Ci'j'^s can be chosen to be also non-empty clopen subsets 
of X. They all are homeomorphic. It is then easy to see that the map 7 in the proof can be 
made to be homeomorphism. In other words, wc have the following corollary: 

Corollary 6.1. Let X be the Cantor set and let a, /3 : X X be minimal homeomorphisms. 
Then a and (3 are approximately conjugate in measure if and only if there is an affine home- 
omorphism r : Ta to Tf3. Moreover, when a and (3 are approximately conjugate uniformly in 
measure, the conjugating maps 7„ can be chosen to be homeomorphisms. 
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